Abstract. We consider an extension of the Ramanujan series with a variable x. If we let x = x 0 , we call the resulting series: "Ramanujan series with the shift x 0 ". Then, we relate these shifted series to some q-series and solve the case of level 4 with the shift x 0 = 1/2. Finally, we indicate a possible way towards proving some patterns observed by the author corresponding to the levels ℓ = 1, 2, 3 and the shift x 0 = 1/2.
shift and upside-down transformations
We call a shift to a transformation which consist of applying the substitution n → n+x 0 inside a series, and we say that x 0 is the shift. For example, the series 
multiplied by a factor which does not depend on n (we will ignore that factor). An upside down transformation consist of the substitution n → −n. That is 
understanding the rising factorials in the way indicated below (a) −n → (−1) n (1 − a) n if a = 1 and (1) −n → n(−1) n (1) n .
These substitutions are justified because they preserve formally the recurrence equation Γ(x + 1) = x Γ(x); see the duality property [9, Chapter 7] and the application shown in [7, Section 4] , and see [8] for the analytic interpretation. If |z| > 0 we understand the "divergent" series (1) as its analytic continuation, and if |z| < 0 we interpret the "divergent" series (3) in the same way. While in [8] we have studied the "upside-down" transformation, in this paper we consider the transformations with a shift. In [8] we prove that the upside-down transformation modify the value of the modular variable q. Here we will see that a shift do not modify it.
The following kind of series for 1/π: 
where s ∈ {2, 3, 4, 6} can be parametrized with a modular function z = z ℓ (q), and two modular forms b = b ℓ (q) and a = a ℓ (q) of weight 2. It is known that the level of these functions is ℓ = 1, 2, 3, 4 for s = 6, 4, 3, 2 respectively, and that for q = ±e −π √ r with r ∈ Q + the values of z, b, a are algebraic reals (the sign + corresponds to series of positive terms and the sign − to alternating series). In these cases the series (4) are named as Ramanujan-type series, in honour to the Indian genius Srinivasa Ramanujan who gave 17 examples of them. If we want to consider algebraic complex solutions, then we let q = e 2πiτ , where τ is a quadratic irrational with Im(τ ) > 0. In this paper we are mainly interested in the evaluations of (7) for those special values of q and x = 1/2. We will use the following theorems:
and
where z = z(q), b = b(q) and a = a(q) are the functions mentioned before. Then we have
Proof. It is a particular case of [8, Proposition 2] . Theorem 1.2. The following identity holds:
Proof. The differential operator:
annihilates F ℓ (0, z), and in [6] we proved that DF ℓ (x, z) = x 3 z x . As F (0, q) is a modular form such that DF (0, z) = 0 we can apply [11, Lemma 1] , and as
we have
Finally, using [6, eq. 2.34] we complete the proof.
Ramanujan series of level 4 with a shift
This is motivated by the evaluations found in [8] by observing that when s = 2, a shift of x = 1/2 of a convergent Ramanujan-type series is equivalent to the upside-down of a related "divergent" Ramanujan-type series.
2.1. Ramanujan series of level 4 with the shift 1/2.
The following identities hold:
where q = ±e −π √ r , and σ 3 (n) is the sum of the cubes of the divisors of n.
Proof. Applying Theorem 1.2, we obtain
But for s = 2 we know that
.
Using the identity θ 
Then, with OEIS (on line encyclopedia of integer sequences), we could identify the coefficient of (−q) n in the expansion of f (q) as σ 3 (2n + 1). Hence
which proves (10). Finally, we only have to apply Theorem 1.1 to arrive at (11).
The following identity is known:
where E 4 (q) is the Eisenstein series
Hence
We use it to prove the following theorem:
√ r where r ∈ Q + (case of alternating series), we have
and if q = e −π √ r (case of series of positive terms), we have
where
is the Epstein zeta function [3] .
√ r , and the value of τ corresponding to −q is
and taking into account that dq/q = πdr/(2 √ r), we have
where we have taken the real part inside the summation because for alternating series φ(r) has to be a purely imaginary number. Integrating and simplifying, we obtain (13). The proof of (14) is completely similar.
2.2.
Examples of Ramanujan-type series shifted 1/2 (level ℓ = 4). For r = 4, using the known values:
see the method and the tables of [3] or [1] , and the obvious relation S(1, 0, ; 2) = 16S(1, 0, 4; 2), we get from (13):
where L −4 (2) = G (the Catalan constant). Hence
Below, we show two more examples 
which corresponds to the value q = −e −π √ 8 . Observe that in [8] we arrive at the results by relating "divergent" series to convergent ones by means of the "upside-down" transformation. In addition, observe that for the levels ℓ = 1, 2, 3 the two transformations (shift and "upside-down") lead to completely different series.
2.3. Some q-series corresponding to s = 2 (ℓ = 4) with other shifts. We have proved the following identity:
Hence, if we define
Finally, we obtain
For m = 2, 3, 4, 6, 8, 12, 24, the function
has integer coefficients. Below we write the cases m = 2, 3, 4, 6, 8: The cases m = 2, 3, 4, 6 are in OEIS [10] , while the cases 8, 12, 24 are not yet in it. We observe that the coefficient of q k multiplied by the coefficient of q j , where k − 1 and j − 1 are multiples of m, equals the coefficient of q kj when k and j are coprime.
3. The q-series for Ramanujan series shifted 1/2. Cases s = 4, 6, 3
In [5] I conjecture the value of (6) in cases when z, b, a are algebraic numbers, and x = 1/2. The observed results corresponding to s = 4, s = 6 and s = 3 involve neperian logarithms in case of alternating series and arc tangent values in case of series of positive terms. We rewrite those conjectures, together with all the other cases corresponding to rational values of z, in the tables of this paper. Some few but representative examples are in my thesis [4, pp. 44-46] . Notice that in [5] and in [4, pp. 44-46] there are also examples of shifted series corresponding to Ramanujan-like series for 1/π 2 and 1/π 3 . However we do not know how to get q-series for those shifted series.
3.1. The q-series for Ramanujan series with s = 4 (ℓ = 2) and the shift 1/2.
where z, a, b depend on q and G(0, q) = 1/π. Then, the following identities hold:
where c n is the coefficient of q n in f (q).
Proof. In this case we know that [2, Table 1 ]
, where η(q) is the Dedekind η function:
Hence, for
Hence, the theorem holds.
Conjecture 3.2. The coefficient of q n in g(q) is divisible by 2n + 1 which is equivalent to assume that all the coefficients c n of f (q) are integer numbers. In addition, c n ≡ 1 (mod p 2 ) when 2n + 1 is a prime number p.
3.2.
The q-series for Ramanujan series with s = 3 (ℓ = 3) shifted 1/2.
Proof. For this case we know that [2, Table 1 ]
, where x 3 (q) = 27 27 + η 12 (q)η −12 (q 3 ) , and
we obtain
Hence the theorem holds.
Conjecture 3.4. The coefficient of q n in g(q) is divisible by 2n + 1 which is equivalent to assume that all the coefficients c n of f (q) are integer numbers. In addition, c n ≡ 1 (mod p 2 ) when 2n + 1 is a prime number p.
3.3.
The q-series for Ramanujan series with s = 6 (ℓ = 1) shifted 1/2. In this case we know that [2, Table 1 ]
, where E 4 (q) is the Eisenstein series
Proceeding in the same way as in the other cases, we obtain
where E 6 (q) and E 8 (q) are the Eisenstein series
For the first single integral, we have
and again, we observe that the coefficients c n of q n in f (q) are all integer numbers, and that c n ≡ 1 (mod p 2 ) when 2n + 1 is a prime number p. 
It is interesting to observe that the last result can also be written with logarithms as
and observe in addition that ( = π − 4 arctan 1 2 .
In the tables we show all the examples corresponding to rational values of z. We finally give an example of an irrational series. For level ℓ = 2 and q = −e −π √ 21 :
Of course our conjectured evaluations agree with the numerical approximations obtained from the corresponding G ℓ (1/2, q) .
In the table 1 we show the Ramanujan-type series for 1/π with rational values of z in the case s = 4 (level 2) , and in the table 2 we have written the corresponding conjectured values of G 2 (1/2, q). In the tables 3 and 5 we show the Ramanujan-type series for 1/π with rational values of z in the cases s = 3 (level 3) and s = 6 (level 1) respectively, and in the tables 4 and 6 we have written the corresponding conjectured values of G 3 (1/2, q) and G 1 (1/2, q) (the tables are in the last pages of the paper after the references).
4.1. Conclusion. May be that discovering explicit formulas (as we have done in (11) for the case s = 2 and x = 1/2) for the coefficients c n could be a useful step towards proving the patterns observed by the author. The final step would be evaluating the q-series at q = ± exp(−π √ r). The analog patterns observed for shifted Ramanujan-like series for 1/π k with k ≥ 2 see [5] and [4, pp. 44-46] are further beyond the ideas of this paper. Table 1 . Ramanujan series with s = 4 (ℓ = 2)
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